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1 Introduction 

The interest in the study of orthogonal polynomials defined by recurrence relations with periodic 
and asymptotically periodic coefficients increased after the appearance of the article [T] about 
the properties of the periodic Toda lattices (see, for example, [2]-[IS]). In particular, in work 
|14) recurrence relation with periodic coefficients are investigated. It was shown that such 
polynomials can be described by the classical Chebyshev polynomials. The aim of this work is 
to study the discrete spectrum of the Jacobi matrix, connected with polynomials in this class, 
i.e. polynomials with periodic coefficients in recurrent relations. As an example, we consider; 

a) the case when period N of coefficients in recurrence relations equals to three (as a 
particular case we consider "parametric" Chebyshev polynomials |18)h 

b) the elementary A^-symmetrical Chebyshev polynomials (A^ = 3,4, 5), that was introduced 
by authors in studying the "composite model of generalized oscillator" |15) . 

Let us remind some necessary results from [H]. We denote by the polynomial 

sequence defined by recurrence relations 

(Pn{x) = (x + an-i)y:>n-i{x) - hn-iiPn- 2 {x), u > 1, ipQ{x) = 1, y}-i{x) = 0, (1) 

where the coefficients are periodic with period N > 2: 

O^n+N Q-nj 77. ^ 0. (2) 

We will use the Chebyshev polynomials of the second kind defined by recurrence relations 

tUn{t) = Un+l{t) + Un-l{t), U > 0, [/q( t) = 1, 17-1 (t) = 0. (3) 

It was proved in na that for any N > 1 the polynomial ifN-i{x) divides the polynomial 
P2N-l{x) 

P2N-l{x) = ipN-l{t)PN{x), (4) 

^ Key words: Orthogonal polynomials, Jacobi matix, recurrent relations. 
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- i,k=0 


where the polynomial P/v(x) defined from equality (jl]). Besides, recurrence relations 

^Pn{x) = ipNm+k{x) = (/^fc+iV (x) 17^-1 (^iv(x)) - (pk{x)Um-2{PN (x)) . (5) 

are fulfilled for n = Nm + k, k = 0] {N — 1), m > 2. The Jacobi matrix J = jYl’ related 

to recurrence relations ([T]) one can write in following form 

3i,k ~ ^^i+l,k + B^i,k + C^i-l,k, 

where the matrixes 


A = 


/O 

0 . 

• 


(0 

0 . 

. 0 

bN-i\ 

0 

0 . 

. 0 

n _ 








; ^ — 

0 

0 . 

. 0 

0 

Vi 

0 . 

• 0) 


VO 

0 . 

. 0 

0 / 


( 6 ) 


B = 


/-ao 10... 0 0 \ 

bo —ai 1 ... 0 0 

0 0 0 ... 0 0 

0 0 0 ... —ojv—2 1 

Vo 0 0 ... bN-2 —aN-iJ 


( 7 ) 


have the size N x N. Let = (xi,X 2 ,..., x^, • • •)* G P be an eigenvector for matrix J, corresponding 
to eigenvalue fi: 

(J - = 0. (8) 

The following necessary and sufficient condition is hold: a solution n of the equation ([8]) is an eigenvalue 
of matrix J if and only if when 

OO OO 

= = <00 (9) 

n=l n=0 

In the next paragraph we will obtain the "critical equation" for Jacobi matrix J . A solution of the 
equation ([9]) is called the "critical value" of Jacobi matrix J . The necessary condition for /x to be an 
eigenvalue of matrix J is that /x be a "critical value" of J . 


2 The critical equation for Jacobi matrix J 

Let us introduce the notation which was needed in the following: 

k-\-m 

f^k,k+m = '^ fnifj-), Si=aN,2N-l, S 2 = S = Si + S 2 ; 


n=k 




Sn ik) = (^n,n+2N-l, <fk{^J‘)^k+N{^J‘) 

k=n 

An (h) = n > 0 


(10a) 

(10b) 

(10c) 


2 












It is clear that S = SQ{fj,). The following statements are hold: 

Lemma 1. Let the polynomial system defined by reeurrenee relations (OP and periodic 

conditions Then for any n > 2N the following recurrence relations 

(Pn{x) = PNix)iPn-Nix) - (pn-2N{x). (11) 

are fulfilled. 

Proof. From relations (I3|) and JS]) we have (n = Nm + k) 

PN{x)ipn-Nix) - (pn-2N{x) = ipk+N{x)PN{x)Uni-2{PN{x)) 

- ipk{x)PN{x)Um-‘i{PN{x)) - ipk+N{x)Um-z{PN{x)) + ^Pk{x)Um-4:{PN{x)) = 

= ipk+N{x) (^m-l{PN{x)) + Um-:i{PN{x)'^ - (pk{x) (TV(x)) + [/m-4 (Tat( x) 

- (pk+N{x)Um-3iPN{x)) + (pkix)Um-4.iPNix)) = 

= (pk+N{x)Um-liPNix)) - <Pk{x)Um-2{PN{x)) = TNm+k{x) = Tn{x). 


□ 


Lemma 2. Let the polynomial system {<^n(x)}^Q is defined by recurrence relations (OP and periodic 
conditions m- Besides, let A„ = (/i) is defined by the equalities \10b\) and lilOc]) . Then for all 

n > 0 the identity 

An = Ao (12) 


is fulfilled. 


Proof. For proof this proposition by induction it is sufficiently to show that for all n > 0 the equality 


An = An+1. (13) 

is fulfilled. Taking into account (jlObjl and (jlOcI) . for proof this relation it is sufficiently to check the 
equality 


Tn + Tn+1 + • • • + Tn+2N-1 ~ (TnTn+N + Tn+lTn+N+l + ■ ■ ■ ‘fn+N-l‘Pn+2N-l) — 

Tn+1 + ■ ■ ■ + Tn+2N-1 + ‘Pn+2N ~ {fn+lTn+N+l + . . . + (pn+N-l‘fn+2N-l + Tn+NTn+2N) , 


This equality is equivalent to the following relation 

Tn — PNTnTn+N = Tn+2N ~ d^NTn+NTn+2N ■ 


(14) 


From (jlll) it is follow that 

Tn+2N = d^NTn+N ~ ‘dPNTnTn+N + Tn- ( 15 ) 

Substituting (1151) in (I14p . we see that the equality (I14p is fulfilled. Therefore the equality (|13l) is also 
hold. □ 
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Theorem 2.1. For // to be an eigenvalue of matrix J defined by ^ and m it is necessary that g, be 
a solution of equation 

Kih) = 0. (16) 

Proof. Let us denote 

fc+m 

n=k 

It follows from (fTOj) . ([IT]) that 

O'0,2Af-l = S, 

0'2N,3N-1 = {PnFN — Fof + . . . + {PNP2N-WN-lf = Pn^I + S 2 — 2P]\[Dq (fj,). 

From (llOcI) it follows that 

5 - PnD^ = A^ => PmD^ = S-A^, 

so we have 

0 ' 2 N, 3 N-l = 2A^ + [Pj^ — 2 ) 5i — 82 . (18) 

Analogously, using lemma 2, we obtain 

(^3N,m-l = 2A^ + [Pj^ — 2 ) a2N,3N-l — 0 'n, 2 N- 1 - (19) 

Than we have 

(^kN,{k+l)N-l = 2A^ + (^Pj^ — 2 ) (^(k-l)N,kN-l — (^{k-2)N,{k-l)N-l- (20) 

Summing these equalities in k, we have 

nN—1 

O'0,nN-l = Pk = S -\- 2 Aq + (P/v ~ 2 ) S*! — S 2 

k =0 

n 

+ (2A^ + [Pj^ — 2 ) (T(fc -l)iV,feAr-l — (^{k-2)N,{k-l)N-l) — 

k=3 

= 2(n — 1)A^ + (P^ — 1 ) S'! + (Pjv^ — 2 ) ((To,nAf-l — S) — O'o^nN-l + 5'2 + . 

From here we obtain the relation 

nTV —1 

(4 — Pjv ) = 2(n — 1)A^ + S'! + (3 — P;\^)S '2 + (21) 

k =0 

for finding the quantity ao^nN-i = Ylk=o^ Pk ■ clear that if Pkih) ^ then 

lim (T(„_i)7v,n7V-l = 0. (22) 

Then it follows from (j2ip that the series X]fc=o~^ Pkih) convergent if 

^oih) = 0. 

□ 
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Remark 1. All eigenvalues of the matrix J must satisfy the "critical equation " (m. 

But it is possible that some critical values of matrix J are not satisfied the necessary and sufficient 
condition Q, i.e. the corresponding vector are not belonging to ^ 2 ^ 

Remark 2. Apparently for any N >2 the polynomial <y 9 Ar_i(^) divides the (^), i.e.the equality 

^0 (23) 

is true. Then the "critical equation" (fT 6 l) splits into two equations 

V9Ar_i(/r) = 0, (24) 

and 

QN{^Ji) = 0. (25) 

Apparently that one can obtain a simple condition that a solution ^ of equation (j24jl is an eigenvalue 
of matrix J. But we are not a success to get a sufficient condition that a solution ^ of equation (1251) 
is an eigenvalue of matrix J, which is more simply than the condition (12211 . 

For illustration we consider a few examples. As the first example we consider the matrix J defined 
by dH), d?]) for A = 3, 6 o = = 1 and for any complex oq, ai, 02 - 

3 The case N = 3. The parametric Chebyshev polynomials 

1. Let us consider the generalized Chebyshev polynomials system | Lpn\x) I defined by recurrence 

I J n=0 

relations 

+ an(pi^Hx) + <^l-i(a;), <ft\x) = 1 , = 0. (26) 

The coefficients a„ — complex numbers that are fulfilled the periodicity condition ([2]) with N = 3. ft 
is follows from (1261) that the first six polynomials are 

= 1 ^ = X- ao = (x - ^ - 1 

= (x - a 2 )(P 2 ^ - yp? = {x - - (p^ 2 ^ ^ - (a: - ai)), (27) 

and for n > 6 they can be calculated by formula 

{x) = Pz{x) (x) - (x). (28) 

From dH and last relation in (I27p it follows that 

P3(x) = <y9^^^(x)-(x-ai) = x^-(ao+ai+a2)x^ + (ao02+aia2+aoai-3)x-aoai02 + (ao+ai+a2). (29) 
Note that under additional condition (oq + oi + 02 ) = 0 the polynomial P^ix) has more simply form 

P 3 (x) = x^ + (0902 + 0102 + Oooi - 3)x - 000102 . (30) 
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■ (3)T °° 


J j,k=0 


Let us find the eigenvalues of the matrix = 

(I5SD 

Jj/j — “1“ “1“ -^3^1—l,fc) 

where 

^ao 1 0\ /O 0 0 

^3 = I 1 ai 1 , ^3 = 0 0 0 

01 02/ \100 


corresponding to the recurrence relations 


(31) 


(32) 


Using the formulas (llOap - dlOcI) . (I26p and (1271) . one can to write the left-hand side of the equation (1161) 
in the following form 

Slifi) - (^)Q3(/u), (33) 


where 


QsilJ') = ) (/^ - ai){n - 02) - 2 -h (l - - 02)) . 

In result the equation (1161) splits into pair of equations 

7^2^^ {^J-) = - («0 + Oi)/i -h OqOi -1 = 0, 

QsifJ-) = - 2(ao -I- oi -I- a2)fJ. + (0002 -I- 0102 -I- oooi - 3) = 0. 

The roots ^ 1^2 of the equations (1351) have the following form 

1^1,2 = /^^ = 2 (®o + oi) ± --\/4 -I- (oi — Oo)^, 


(34) 

(35) 

(36) 

(37) 


and the roots of the equations (j36l) equal to 

/^3,4 ^ ^ (^(“0 + oi -I- 02 ) ± ^JaQ + a\ + 02- oqOi - 01 O 2 - O 0 O 2 -|- 9^ . (38) 

In the case (oq -|- oi -|- 02 ) = 0 the roots /r 3^4 are simplified 


/^3,4 = ±y 1 -I- 


Oq -|- o| -|- O2 
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(39) 


It remains to find those critical values /ifc, {k = 1,2,3,4) which are an eigenvalues of Jacobi matrix 
J(3). 

Lemma 3. For that a root {k = 1,2) / L??|) of the equation Od)) is an eigenvalues of the matrix 
nw . (ED, it is necessary and sufficient that the following inequality 


||Ofc - oo| < 1, k = 1,2, 


(40) 


is fulfilled. 
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Proof. In fact, we have for |Ufc, (A: = 1, 2) defined by (|37l) the following relation 


= 1 + 2(/^fc - ao)^ - aofp 

j=0 j=0 


The series in the right-hand side of this relation is convergent if and only if the following ineqnality 


l/ifc - ool < 1, k = 1,2, 


is trne. 


□ 


Unfortnnately, for (k = 3,4) even in simplest case (oq -|- ai -|- 02 ) = 0 one cannot find a more 
simply condition that is an eigenvalues of the matrix than the following condition 

[psnif^k)) + [p3n+li^^k)) + 

as n —>■ 00 (but this is the condition (I22p l. 


2. We consider the parametric Chebyshev polynomials introduced in [6] as example to the case 
when the polynomial has not roots. These polynomials <a)}^Q are defined by recurrent 

relations with coefficients depending on a parameter a € [—1,1]. These coefficients are 

% % "v/s 

00(0;) = —^{01 + l)(3a — 2), 01(0;) = —iV^a, 03(0) =-“ 1)(3q! — 2), (41a) 

an+sia) = an{a), n > 0, (41b) 

It is clear, that the following equality 

ao(a) + ai(a) -I- 02 ( 0 ) = 0, (42) 

is true. From ()28p - (f3^ , (I4ip it is follow that 

To(x;a) = 1; 

'I'i(x; a) = X -+ l)(3a + 2); 

3 

'I' 2 (a^; <a) = — -(a — l)(3a -|- 2)x -|- (-a(a + l)(3a — 2) — 1); 

'I' 3 (x; a) = -h (1 — 5^)x -|- i\/3a(l — a^); (43) 

4'4(x; a) = (x- ao(a))'l' 3 (x; a) - 4'2(x; a); 

4'5(x;q;) = T 2 (x; a)P 3 (x; a), 

where are used notations 

5? = ^0^(1 - a^), = ^(1 - a^)(9a^ - 4) 

P3(x; a) = x^ — a^x — z-v/Saal- 
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(44a) 

(44b) 








Figure 1; The support of the continuous spectrum of the Jacobi matrix 


For n > 6 one can calculate the polynomials a) by formulas 

J'n(x;a) = P3{x;a)'I>n-3{x]a) - J'„_6(x;a). 


(45) 


In the paper |18) we obtain the continuous spectrum of the Jacobi matrix corresponding to 

the parametric Chebyshev polynomials. The support of the continuous spectrum is represented on the 
Fig.l, where are used the notations 


•2fc7r ~ .(2fc+3)7r 

Afc = A(a)e* 3 , Afc = A(a)e* 3 , A; = 0,1,2. 


The number A (a) > 0 is a positive root of the equation 


where 

and 


A^ - 5?A - 2 = 0, 


^ < A(a) < A„ 


Ama.T — 






\ 




(46) 

(47) 

(48) 

(49) 


Now we consider the discrete spectrum of the matrix From (l39p and (|41l) we find roots of the 

equation (l3711 

Pi, 2 (a) = - 1)(3« + 2) ± (50) 

where 

f{a) = 3a^ + 3a-2, (51) 

and 

Pi, 2 (a) - ai{a) = ± ^1 - (52) 


















From lemma 3 it follows that fc = 1, 2 is an eigenvalue of the matrix if and only if the 

inequality (1401) is true. We introduce notations 


«! = — 


1 

2 



4 - 2^3 1 /T 

3^3 ’ “'“"2 + p 


4 - 2^3 1 /l 4 + 2^3 

3^3 ’ “ "2 + V 4 ^ 3^3 


and made justification test of the inequality (|40p on intervals 


(53) 


[—l,ai], (01,02), [02,03], (03,1]. 


As a result we have 

a) The numbers (/ii, 2 )(o) are not eigenvalues of the matrix as o G [—1, oi) or o G [ 02 , 03 ]. 

b) j(^)(o) has only one eigenvalue ^^ 2 ( 0 ) as o G ( 01 , 02 ). 

c) J^^\a) has only one eigenvalue /Ui(o) as o G ( 03 ,1]. 

Now we consider the solutions /X 3 4 ( 0 ) of the equation (|38l) . that has in this case the following form 

Qsifj.; o) = 3;U^ - 04 = 0 (54) 


These solutions are equal to 


f^3,4(o) = ± 


Ol 

TI' 


(55) 


To proof that ^ 3 ^ 4 ( 0 ) are not eigenvalues of the matrix J^^\a) as o G [—1,1] it is sufficient to check 
that the necessary condition (|22p is broken. Using the recurrence relations (llip (and notation (jlUp l it 
is easy to show that 


SKm) + *53^1) «) (^3n,3n+2(f^) " 52(^)) . 

Then 


1 

^ 0-3(n+U,3(n+U+2(/^) + (l-^3 (/^;a))cr3n,3n+2(fi) = ^ 2 + 5i(2-P|(/x; a))+cr 6 , 6 + 2 (a^) = ^o(a)- (56) 

s=-l 


The direct calculation shows that for any a G (—1,0) U (0,1] one have Ao(a) 7 ^ 0. At the same time 
the left-hand side of equality (1561) tends to zero as n —)• 00 if the nesessary condition (f22l) is fulfilled. 
From this it follows that Ao(a) = 0. Thus /X 3 ^ 4 (a) are not eigenvalues of the Jacobi matrix J^^\a) as 
a G (—1,0) U (0,1]. From results of [19] it follows that ^ 3 ^ 4 ( 0 ) and AX 3 ^ 4 ( 1 ) are not eigenvalues of the 
Jacobi matrixes J^^)(0) and j(^)(l) too. Therefore, are not eigenvalues of the Jacobi matrix 

J^^\a) as a G [—1,1]. 

So the Jacobi matrix has only one eigenvalue /xi(a) for a G ( 013 ,1], and only one eigenvalue 

AX 2 (a) for a G ( 0 : 1 , 02 ). 


Further, as another example, we consider the Jacobi matrix for the elementary iV-symmetric Cheby- 
shev polynomials, which belongs to the type of polynomials under consideration. These polynomials 
appear in studying of "compound model of generalized oscillator " m-m- We consider only cases 
N = 3,4, 5, since it was shown in the paper m that such polynomials not exist for n > 6 . 
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4 Elementary A^-symmetric Chebyshev polynomials 

Elementary iV-symmetric Chebyshev polynomials (a^)}^Q |lh) are defined by recurrence relations 


X<fnix) = (Pn+lix)+an<fnix) + <fn-lix), (fo (x) = 1, (p^i{x) = 0, (57) 


where coefficients an for N = 3,4, 5, given by formulas 

a® = iVs, = iVs, = 0, a® 3 = , n > 0; 

a^o'’ = 2i, a^i'’ = 0, 4“^^ = -2i, 4"^^ = 0, a^44 = '^n \ n > 0; 

4^^ = 4^^ = 4^^ ~ ~ iV5, = —iV5, n > 0. 

Using recurrence relations (|57p . we find first 2N {N = 3,4, 5)polynomials 

= (pf\x) = X - iVs, 4^^(^) = x^ + 2, 

ip'i\x) = xcp'iHx) - (Pi\x), ^i\x) = xV®(a;) + 1, ‘f5\x) = x^ipf\x)] 


(58a) 

(58b) 

(58c) 


(59) 


4 ‘^^(x) = 1, 

(p^ 2 \x) = x^ — 2ix — 1, 
ip\\x) = x^ + x^ + 2ix + 1, 

(f^f^{x) = X® — 2ix^ — x^ + 2x^ — 4fx — 1, 


ip^^\x) = x — 2i, 

{x) = x^ + 2x, 

p^f^{x) = x^ — 2fx'^ + 3x — 2i, (60) 

pf{x) = {x^ + 2)p>f\x)] 


vt\x) = 1 > 


(5)/ N 

ip\ ’(x) = X, 

.(5)/ 


(^3 ' (x) = x^ — iy/bx'^ — 2x, 
<^5 

V>7 


(x) = x^ + x^ — iyfbx^ — 2x + z\/5, 
(x) = x’^ — iy/bx^ — x^ + X, 


4^^ (x) = x^ — iy/bx — 1, 

7^4 {x) = x^ — iy/bx^ — 3x^ + iy/bx + 1, 

Pq‘\x) = X® + x^ - 1 , 

(x) = X® — iyfbx^ — 2x® + 1, 

From here and relation Q we get the following expression for PAr(x) 

P3(x) = X®, P4 (x) = x"^ + 2 , P^{x)=x^. 

In view of (162^ . the relation ([5]) takes the following form {k = 0,1, 2, m > 2) 


4 ^^(x) = x^p^l\x). 


pfl+kix) = p^^lg{x)Um-l{x^) - p^k\x)Um-2ix^); 
4m+fc(®) = ‘PkUix)Um-lix^ + 2) - pl^\x)Um-2{x^ + 2); 
4m+fc(2^) = fkUi^Wm-lix^) - pf\x)Um-2ix^)- 


(61) 


(62) 


(63a) 

(63b) 

(63c) 
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The Jacobi matrix = 
form 

where 


■ (7V)]°° 


, {N = 3,4,5) corresponding to the relations (I57p . has the 

(64) 


J j,k=0 

j(^) = + ^NSi,k + 


A 

A 3 


1 

o\ 



A 

0 

0 \ 

713 = 

1 

— 

iV 3 

1 


= 

0 

0 

0 

V 

0 


1 

0 / 



Vi 

0 

0 / 


/2i 

1 

0 

0 ^ 


/O 

0 

0 


A4 = 

1 

0 

1 

0 

, P4 = 

0 

0 

0 

0 

0 

1 

- 2 i 

0 

0 

0 

0 

0 


VO 

0 

1 

0 . 


VI 

0 

0 

0 / 




1 

0 

0 

0 \ 



0 

0 

0 

0\ 


1 

iVb 

1 

0 

0 


0 

0 

0 

0 

0 

— 

0 

1 

0 

1 

0 

, P4 — 

0 

0 

0 

0 

0 


0 

0 

1 

0 

1 


0 

0 

0 

0 

0 


Vo 

0 

0 

1 

-iV5/ 


Vi 

0 

0 

0 

0/ 


(65a) 


(65b) 


(65c) 


Now we turn to evaluation of eigenvalues of the matrix (N = 3,4,5), using the critical 

equation (fTUIl . 


A. Discrete spectrum of Jacobi matrix 


The Jacobi matrix is dehned by equalities (l6l)) and (|65al) . From (f33ll . (f^ . 
taking into account that 

(3) , (3) , (3) (3) (3) , (3) (3) , (3) (3) „ 

Og + o) + 02 — 0, Oq o) + o) 02 + Oq 02 = 3, 

/ON 

we obtain that left-hand side Ag (/x) of equation (1161) has the following form 

= 5® (/x) - Df (/x)P3(l^) = 3 /x 2(^2 ^ 2). 

Then the equation (jl6p for N = 3 looks as 

+ 2) = 0. 


, dMi), (unsj) 


The solutions of this equation are equal to 


/^i 


= iV2, ii2 = -iV2, /X3,4 = 0. 


Using the lemma 4, we have 


\fJ-i — ao| = \iV2 — iV3\ < 1. 


( 66 ) 
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It means that is an eigenvalue of the matrix Further, 

1/^2 - ao| = I - iV2 — iy/^\ > 1, 

i.e. ^2 is not an eigenvalue of the matrix . Now we calculate the components of vector 
for They are equal to 

xi = 1, X 2 = —iVs, X 3 = 2, X 4 = iVs, X 5 = 1, xq = 0, Xfc+6 = —Xk, npu k > 0. (67) 

/q\ 

Taking into account that = x^, for A: = 3,4, we have 


+{^3n+liMk)) + {f3rl+2if^k)) 


0 , npu n —oo, 


i.e. the condition (I22p is not realized. Therefore ^ it means that ^ 3 ^ 4 ^ are not eigenvalues of 
the matrix 


B. Discrete spectrum of Jacobi matrix 


The Jacobi matrix is defined by equalities (l6^ and (j65bD . Using ([33]), (IHop . (1621) . fl36ll . fllObjl . 
we rewrite the equation (I16p for X = 4 in the form 


/(/r2 + 2) =0. 


( 68 ) 


The solutions of this equation are equal to 

fii = iV2, H2 = -iV2, H3,i,5fi = 0 . 

In the first place we consider zero solutions of this equation. The components of the vector (for 
A; = 3,4, 5,6) are equal to 

% 3'i 

Xi = 1 , X2 =--, X3 =-1, X4 =-y, Xk+A = Xk, npu A: > 0. 


Then partial sum of the series 


E' 

n =0 




(4) 


n=l 


equal to 


% % 

S'! = 1, S 2 = 1 -Sa = --, 54 =-2f, Sn+i = Sn-2i, npu n > 1. 


Thus the sequence of partial sums of series ^k ^lot limit point as n —)• 00 , i.e. the series 

is divirgent. Hence, 1 x 3 ^ 4 ^^fi are not eigenvalues of the matrix The components of vector X^j = 
(xi,X 2 ,.. .)*, corresponding to critical value /ii, are equal to 


xi 


= 1, X 2 = i{V2 — 2), X 3 = { 2 V 2 — 3), X 4 = 0, Xk +4 = (3 — 2y/2)xk, npu A: > 1. 


Because 

\\X^,f = V2, 
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then critical value = i\/2 is eigenvalue of the Jacobi matrix The normalized eigenvector 

= (yi) 2 / 2 ) • • •)* the following components 

_ ^ /o o. AT^fc n./n\k _(2'\/2 —3)^^ n. AT^fc _n 

2/4fc+i — (3 2v 2) , y4k+2 — (3 2v 2) , 2/4fc+3 — (3 2v 2) , 2/4fc+4 — 0) 

with A: > 0. Finally, the components of vector X ^2 = ixi,X 2 , ■ ■ -Y, corresponding to critical value 
^2 = —iV^, are equal to 

xi = 1, X 2 = -i{2 + V2), xs = -(3 + 2 V 2 ), X 4 = 0, Xk +4 = (3 + 2\/2)xk, npn k > 1. 
Consequently, 

11 II =00 

i.e. critical value fi 2 = —i\/2 is not eigenvalue of the Jacobi matrix 

C. Discrete spectrum of Jacobi matrix 


We consider now the Jacobi matrix that is defined by equalities (|64p and (I65cjl . Using 
(| 6 T]) . (I62l) . (I36|) . (llOcp . we rewrite the equation (fT 6 ]) for = 5 in the form 

— iVbyY — + 1) = 0. 

The solutions of this equation are equal to 


(69) 


1 

yi ,2 = 4 
^3,4 = ^ 


±\/l0- 2 V 5 + i{l + y/h) 
±V^10 + 2V5 + i{-l + V5) 

y5,6,7,8 = 0. 


(70) 


From the same arguments as given above, we see that for k = 5]8 the vector ^ i.e. correspond¬ 
ing critical values Hk are not eigenvalues of the Jacobi matrix 

For the critical value = \ y/10 — 2y/h -|- i(l -|- yfh') the squared components of vector = 
{xi^X 2 , ■ ■ - Y are equal to 


M^ = l, f - 2V5, 

, ,2 y/ 5-2 i(i-y/5) r ;= , ,2 y/ 5-3 

= ^ 3 y W-2y/5, (x4Y = 2L^^ 

(X 5 Y = 0, (xk+bY = ^ ^ {x]YY, A: > 1, 

Then ||X^j|p = 2\/5 and consequently, is an eigenvalue of the Jacobi matrix J^^Y 
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Similarly, for critical value ^2 = 1 —y/lO^-2^75 + i(l + \/5) 


X „2 are equal to 


the squared components of vector 


(xi) = 1, (X 2 ) = 


2_1-\/5 i(l + \/5) 


10 - 2V5, 


(xs) = 0 , (xfc+ 5 ) = 


2 ^- 3,^,2 


(Xfc) , A: > 1. 


Therefore, ||X^ 2 lP = 2y/5 and ^2 is an eigenvalue of the Jacobi matrix 
For critical value ^3 = 5 \/10 + 2y/5 + i(\/5 — 1) 
equal to 


(Xl) = 1, (X2) = 


the squared components of vector are 
2 l + \/5 iiV5-l) 


+ 


10 + 2V5, 


(xs)^ = 0 , (xfc+ 5 )^ = - (Xkf, k>l. 

From these relations follow that X^g ^ and corresponding critical value is not eigenvalue of the 

Jacobi matrix _ 

Finally, for critical value 1 U 4 = —j \/l0-|-2\/5 — i(\/5 — 1) the squared components of vector 
are equal to 


(xi) = 1, (X 2 ) = 


2_1 + ^ i(\/5-l) 


10 + 2V5, 




(xs) = 0, (Xfc+s) = - 


2 3 + \/5 , ,2 


(Xfc) , k>l. 


As above, from these relations it follows that ^ and corresponding critical value ^4 is not 
eigenvalue of the Jacobi matrix 
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